Ahstract-Sliding mode control has been shown to be a robust and effective control approach for stabilization of nonlinear systems. However the dynamic performance of the controller is a complex function of the system parameters, which is often uncertain or partially known. This paper presents an adaptive fuzzy sliding mode control for a class of underactuated nonlinear mechanical systems. An adaptive fuzzy system is used to approximate the uncertain parts of the underactuated system. The adaptive law is designed based on the Lyapunov method. The proof for the stability and the convergence of the system is presented. Robust performance of the adaptive fuzzy sliding mode control is illustrated using a gantry crane system.
I. INTRODUCTION
Sliding mode control (SMC) is a particular type of variable structure control (VSC) which is characterized by a suite of feedback control laws and a switching function. The control system is designed to drive and then constrain the system state to lie within a neighbourhood of a sliding surface. The advantages of this approach are the dynamic behaviour of the system may be tailored by the particular choice of switch ing function and the closed-loop response becomes totally insensitive to some class of uncertainty. The SMC approach consists of designing a switching function and selecting a control law which will make the system trajectories attractive to the sliding surface [1] . The dynamic performance of a sliding mode controller, however, is a complex function of the effort, surface, and system parameters [2] .
In recent years, numerous research works on the devel opment of sliding mode controllers for certain classes of underactuated systems have been reported. These include SMC laws for underactuated systems satisfying invertibility conditions [3] and for two-degree-of-freedom underactuated systems with dry friction in both joints [4] . Besides, a SMC algorithm to robustly stabilize a class of underactuated systems that are not linearly controllable with parametric uncertainties has been proposed in [5] . A general fr amework that provides sufficient conditions for asymptotic stabiliza tion of underactuated nonlinear systems using SMC in the presence of system uncertainties has also been presented in [6] . However, some bounds on system uncertainties must be estimated in order to guarantee stability of the c1osed loop system, and its implementation in practice will cause a chattering problem, which is undesirable in application. Fuzzy logic control has been an active research topic in automation and control. The basic concept of fuzzy logic control is to utilize the qualitative knowledge of a system for designing a practical controller. Generally, fuzzy logic control is applicable to plants that are ill-modeled, but qualitative knowledge of an experienced operator is available. The principle of SMC has been introduced in designing fuzzy logic controllers. This combination which is known as adaptive fuzzy sliding mode control (AFSMC) provides the mechanism to design robust controllers for nonlinear systems with uncertainty. Many works have been reported on the application of AFSMC for specific mechanical systems which include robot manipulator and translational oscilla tions by a rotational actuator. Adaptive fuzzy has been either used to adjust the control gain of the sliding mode [7] , [8] or approximate the sliding function of the SMC [9] [11]. Furthermore, the applications of AFSMC on the crane system, which is a typical underactuated system have been reported in [12] , [13] . Recently, the developments of AFSMC for uncertain mechanical systems to tackle more generic problems have been reported, which include the adjustment of control gain [14] and approximation of sliding function [15] - [21] .
In this paper, an adaptive fuzzy logic sliding mode control is proposed for a class of underactuated mechanical systems. The considered system is uncertain and subject to nonlin ear frictions and disturbances. The uncertainties of system dynamics are approximated with fuzzy logic. Based on the approximated functions of the system dynamics, a sliding function is composed and a fuzzy adaptive law for sliding mode controller is proposed. The adaptive law is designed based on the Lyapunov method. Besides, the stability of the closed-loop system is presented in the Lyapunov sense. The robust performance of the adaptive fuzzy sliding mode control is illustrated using a gantry crane system. Simulation results demonstrate that chattering effects, which usually occur in the classical sliding mode control, are eliminated and satisfactory trajectory tracking is achieved. The robust performance of the AFSMC is illustrated using a gantry crane system. The results indicate that high performance of trajectory tracking is achieved in the presence of uncertainties and external disturbances.
II. PROBLEM FORMULATION
By using the Euler-Lagrange's formulation, taking into account the viscous and Coulomb friction terms and uncer tainties, the dynamic model of a mechanical system can be cast in a Lagrangian system of the form:
where M(q) E � n x n is the inertia matrix, h (q, q) E � n is the vector of centrifugal-Coriolis and gravity, and TJ (q, q) E � n is the vector of viscous and Coulomb frictions, bounded disturbances and uncertainties in the system. The inertia matrix is symmetric and positive definite, that is, l'vi (q) = MT (q) and M(q) > O. The vector of generalized coordinates q E � n can be partitioned as q = [qr , q,[;]T, where qa E � m is the vector of actuated coordinates and qu E � n -m is the vector of underactuated coordinates. Similarly, the input forces vector T E � n can be partitioned as
where u E � m is the control input. Then (1) can be rewritten as (2) By substituting iju = -lvI,-;ul(lvluaija + hu + rlu) obtained fr om the second row of (2) into the first row, we get (3) where Da = (lvlaa -lvlaulvI;;ul l'vIua)-l , h'a = -D ;; I ( halvlaulvI,-;ul h u) and fia = -D;; I ( TJa -l'vIaul'vI,-;u I TJu ) . Conse quently, it follows that (4) where Du = -lvI;;u l l'vIuaDa, h,u = -l'vI; ;u l(lvlua h'a + h u)
and fiu = -l'vI;;,} (l'vIua fia + TJu).
Let the vector of tracking error be e = q -qd = [er, e'[;] T,
where qd E � n is the desired trajectory, in which ea = qa -q� E � m and eu = qu -q� E � n -m . The problem is to find a suitable control strategy to drive the tracking error to zero subject to nonlinearities and uncertainties of the system.
III. ADAPTIVE Fuzzy SLIDING MODE CONTROL
This section presents the design of the adaptive fuzzy sliding mode control for trajectory tracking problem. At first, a basic fuzzy logic control is presented, followed by the introduction of sliding function and sliding mode controller for underactuated system. Then the adaptive fuzzy sliding mode controller for the system is proposed.
A. Fuzz y L ogic Control
For a fuzzy logic controller with VI, ... , V j , ... ,v p, and using the center defuzzification, it can be represented as p inputs, of average (5) where I is the number of fuzzy rules, F j k is the jth fuzzy set corresponding to the kth fuzzy rule, and Bk is the 
For the underactuated mechanical system (2), we consider the vector of sliding functions U E � m as (8) where aa , Aa E � m x m and au , Au E � m x(n -m) are the matrices of sliding surface parameters. Since ea = qa -q� and eu = qu -q� , (8) can be rewritten as
w ere q -aaq a + auqu -Aa qa -q a -AU qu -q u . Then the derivative of the sliding function is (10) Substituting (3),(4) into (10) yields
where F(q, q) = aah'a + auh,w C(q) = aaDa + auDu and fi (q, q) = aafia + au fiu . Thus, from (11), the sliding mode control u E � m is proposed as
where IL and K are diagonal matrices of designed parameters, i.e., IL = diag(IL I , ... , ILm ) and K = diag(KI , ... , Km ).
C. A daptive Fuzz y Sliding Mode Controller
Suppose that for i = 1 , ... , m, the sliding function (11) can be expressed as (ri = fi (q, q) + 9i (q, q) Ui -ij[ + fii (q, q) . Here, we assume that Ifii (q, q) 1 <::: di , \:Ii = 1 , ... ,m , where d i > 0 is known. It follows that, the sliding mode control (12) can be written as
Ii (x) and gi (x) are uncertain. Hence, we approximate Ii (x) and gi (x) with fuzzy logic systems e 1, �Ii and eJ, �g; , respectively. Let el ; and e� i be optimal vectors such that 
where [2 C;; 1)t 2 n is a region to which the state x is constrained. We assume that (16) where d f ; > 0 and dg; > 0, and each kth element of el ; and e� i is constant and bounded as follows:
For the purpose of designing the sliding mode control, we choose the following adaptation laws:
where I f ; > 0 and I g.; > 0 are design parameters and
Then, we define the adaptation parameter errors 0 fi and Og ; respectively as
= e l i. -el; , Og ; = eg; -e; i .
Since el ; and e� i are constants and from (18) , the time derivatives of the adaptation parameter errors are obtained as Finally, by assuming that gi(q, q) has a positive lower bound, i.e., there exists a constant g. such that gi (q, q) ::;:, g. > 0, (21) and (22) into (23) From (16) and (20), the last equation becomes From the definition of projection function (7), one can verify that By applying the above inequalities to (24), it gives m ::; 2) -/Lia; ), i=l since g i > fli' Thus, it implies that the surface a 0 is globally reached in a finite time,
IV. RESULTS AND DISCUSSION
In this example, the adaptive fuzzy sliding mode control is applied to the two-dimensional gantry crane system as shown in Figure 1 , The motion of the crane system is described in Figure 2 , where x is the trolley position, ¢ is the swing angle of the hoisting rope, l is the rope length, lvI and rn are the masses of the trolley and payload, respectively, and Fx is the trolley driving force, The crane dynamics is described by the following equation:
in which the vector of generalized coordinates is defined as (25), go is the gravitational accel eration, Bx and B¢ denote the viscous friction coefficients, and JJT and P¢ denote the Coulomb friction coefficients as sociated with the trolley and rope sway motions, respectively, The trajectory tracking problem consists of the positional control of the trolley while the sway angle must be sup pressed to zero, Thus, the desired trajectory vector is defined as qd(t) = [q� , q�j T = [xd (t),O] T, Therefore, from (9), the sliding function is determined as
where ( { (x, ¢) = (Qaxd(t) -Aa (X -xd(t)) -Au ¢) ' Then time derivative of the sliding function is
which can be expressed in the form of
By assuming that the functions f (x, ¢, x ,¢) and g(x, ¢) are unknown apart from their bounds, we can propose the adaptive fuzzy sliding mode control, in which the control signal u = Fx is defined as follows:
where e f and e 9 are as the vectors of the centroid of the membership functions and � f and �g are the corresponding 978-1-4799-0572-0/13/$31,00 ©2013 IEEE 215 Fig, 1 : Two-dimensional gantry crane system, 
Time ( 978-1-4799-0572-0/13/$31.00 ©2013 IEEE 216 Figure 3(a) shows a good trajectory tracking whereas Figure 3(b) shows the sway angle of the hoisting rope is suppressed from an initial value. The control effort for this corresponding case is shown in Figure 3( c) . Figure 4 shows the system responses and control effort with the presence of external disturbances. As can be seen in Figures 4(a) and (b) , the proposed control system appears to be insensitive to the presence of the disturbances. However, higher control effort is required as shown in Figure 4(c) .
The payload of the crane system consists of two steel blocks which have 1.00 kg weight each and a carrier of 0.25 kg weight as shown in Figure 1 . To demonstrate the robust ness of the controller, the payload is varied between 1.00 kg to 2.25 kg, which reflects the process of loading/unloading of the gantry crane. From Figures 5(a) and (b) , it is shown that the trajectory tracking of the trolley position and the sway angle of the hoisting rope are unperturbed by payload variations.
V. CONCLUSION In this paper we have proposed an adaptive fuzzy logic sliding mode control for trajectory tracking for a class of underactuated Lagrangian systems. By using fuzzy mod elling, the uncertainties of system dynamics are approx imated. Then, a sliding function is composed based on the approximated functions of the system dynamics. The adaptive law for the sliding mode control is designed based on the Lyapunov method. The performance of the AFSMC is evaluated by applying the controller to a gantry crane system taking into account nonlinear frictions. High robust control performance is obtained when the system is subject to parametric uncertainties, external disturbances, and param eter variations.
